Abstract Squeeze-film effects of perforated plates for small amplitude vibration are analyzed through modified Reynolds equation (MRE). The analytical analysis reckons in most important influential factors: compressibility of the air, border effects, and the resistance caused by vertical air flow passing through perforated holes. It is found that consideration of air compressibility is necessary for high operating frequency and small ratio of the plate width to the attenuation length. The analytical results presented in this paper agree with ANSYS simulation results better than that under the air incompressibility assumption. The analytical analysis can be used to estimate the squeeze-film effects causing damping and stiffness added to the system. Since the value of Reynolds number involved in this paper is low (< 1), inertial effects are neglected.
Introduction
For microelectromechanical systems (MEMS) devices, if two nearby planar structures have relative motion in their normal direction, the thin layer of air between them will produce squeeze-film effects, which can alter the dynamic response of MEMS devices by adding stiffness and damping to the system. To reduce squeeze-film effects, perforating holes in microstructures are widely used in MEMS devices (Davies 1997) . Actually, the perforations in microstructures have several functions as mentioned in (Andrews et al. 1993; Homentcovschi and Miles 2004; Starr 1996) : (1) reducing squeeze-film effects; (2) controlling the dynamic response of MEMS devices; (3) enhancing the etching rate of sacrificial layers in the micro-fabrication process.
Perforating holes in microstructures can reduce the squeeze-film effects caused by horizontal air flow, but the air flow escaping through perforated holes adds new viscous resistance. Therefore, the conventional Reynolds equation for determining squeeze-film effects of non-perforated planar structures is no longer applicable.
A lot of efforts have been devoted to seek ways to determine squeeze-film effects of perforated planar structures. Under the assumption that air is incompressible, some papers gave analytical expressions and numerical analysis to evaluate the squeeze-film damping. Š kov (1967) derived an expression to determine the squeeze-film damping of perforated plates in some MEMS devices. The derivation didn't consider the air compressibility and the resistance offered by vertical air flow passing through holes. It is reasonable for low operating frequency and large ratio of the hole size to the thickness of the perforated planar structure. By adding a penetrating term to fluid continuity equation, Bao et al. (2003) developed a modified Reynolds equation (MRE) to determine the squeeze-film damping caused by both horizontal and vertical air flow. Besides analytical analysis, some other methods like finite element method (FEM) (Kim et al. 1999; Schrag and Wachutka 2004; Yan and Lal 2006; Yang et al. 1997) and finite difference method (Veijola and Mattila 2001; were also used and developed to estimate the squeeze-film damping. FEM is considered to be an effective way to evaluate squeeze-film damping. However, FEM is time consuming for large-scale structures and it can't give much suggestion to device design optimization.
Recent work by Homentcovschi and Miles (2004) and Mohite et al. (2005) gave analytical approximations and simulations to the squeeze-film effects of perforated plates. Homentcovschi considered the perforated plate as infinite, and divided the plate into mass pressure cells. The analysis was made for one pressure cell, which considered the air compressibility, inertial effects and possible slip of the gas on the plate. Then the total squeeze-film effects for the whole plate can be obtained by multiplication. Besides, the paper also gave analysis on the caused error while dividing the plate into circular cells. Mohite introduced a parameter called diffusion factor and presented discussions on the damping and spring effects by observing the pattern of ANSYS simulation. Since the ratio of the hole radius to the hole depth involved in the paper is small, the analysis didn't consider the resistance offered by vertical air flow. Homentcovschi and Mohite both considered the perforated plate as infinite and did investigations on one cell to obtain the squeeze-film effects for the whole plate by multiplication. So their analysis neglected border effects. As a matter of fact, the plates are always finite, and squeeze-film effects depend on the plates' boundary. So for a better approximation of squeeze-film effects, border effects should be considered.
In this paper, a commonly used rectangular perforated plate is considered, and another kind of MRE considering air compressibility, border effects and the resistance offered by vertical air flow is obtained to evaluate squeeze-film effects. As FEM is an effective way to evaluate squeeze-film effects of small-scale structures, simulations by ANSYS are made for a typical one-dimensional rectangular perforated plate to do comparisons between different analytical results and simulation results.
Since the value of Reynolds number involved in this paper is low, inertial effects are neglected. However, for devices with larger air gap and high operating frequency, inertial effects will be no longer neglectable. A new way or model has to be developed. (Bao 2000; Starr 1996 )
where p = p(x,y) is the pressure distribution of the squeeze-film, q the density of air, d the gap between the two nearby plates, and l the viscosity of air. Since the air gap between the two nearby plates is always small in MEMS devices, the viscosity of air, l, should be substituted by the effective viscosity (Fukui and Kaneko 1988) , l eff ¼ l 1þ9:638K 1:159 n ; to consider the rarefaction of the air, where K n is the Knudsen number defined as the ratio of the molecular mean free path length to a representative physical length scale.
Modified Reynolds equation and linearized
form for squeeze-film effects of perforated plate
As mentioned in the introduction section, microstructures are commonly perforated to reduce squeeze-film effects, and the conventional Reynolds equation is no longer applicable for perforated plates because of the additional air flow passing through perforated holes. However, the conventional equation can be modified to be applicable for perforated plate. As most papers did (Bao et al. 2003; Homentcovschi and Miles 2004; Mohite et al. 2005) , the uniformly perforated plate with mass holes can be divided into cells. As shown in Fig. 1 , R i and R o are the inner and outer radii of the divided pressure cell, respectively. As the divided pressure cell is much smaller than the plate, the pressure under the plate can be considered as a continuous distribution. And the air flow passing through a hole can be considered as penetrating out through the whole divided pressure cell. Then the fluid continuity equation for perforated plate can be modified as (Bao et al. 2003 )
For isothermal flow we use the condition p µ q, and Eq. 2 becomes
eff @p @y ; and Q z is the socalled penetrating rate which is the average volume passing through holes for a unit area per unit time.
Since the divided cell is much smaller than the plate, the penetrating air flow for every cell can be considered as autonomous. In the following, analysis is made for one cell to derive the expression of Q z .
The penetrating air flow passing through holes is caused by the pressure difference between the ambient and the squeeze-film, and the total pressure difference for one cell is composed of two parts, p h and p v , which are caused by horizontal and vertical air flows, respectively.
According to the derivation in the paper by Gabrielson (1993) the pressure difference, p h , which is caused by the horizontal air flow from the periphery to the centre of a pressure cell, can be approximately as
where V is the volume of air passing through the hole per unit time, b = R i / R 0 . and K(b) = 4b 2 -b 2 -4 ln b -3. According to the law of Hagen-Poiseuille flow, the pressure difference, p v , which is caused by the vertical air flow from one end to the other end of the hole, is
where h is the thickness of the plate. For most perforated microstructures in which the inner radius of the hole, R i , is comparable with the plate thickness, air flow in the hole is not a fully developed Poiseuille flow. So an effective plate thickness is introduced to include the non-fully developed effects. The effective plate thickness can be obtained from the modified Poiseuille equation by Sharipov and Seleznev (1997) 
where,
; is the effective plate thickness. Therefore, the total pressure difference is
where p a is the ambient pressure and gðbÞ ¼ 1 þ
KðbÞ 16h eff d 3 : So the penetrating rate is
Substituting Eq. 8 into Eq. 3, the modified fluid continuity equation can be recast to the MRE as (Bao et al. 2003) . The attenuation length l reflects border effects. For the region D 2 Àa þ l\x\ ð a À l \ Àb þ l\y\b À lÞ under the plate, the pressure value can be considered as constant. But for the rest region from inner to the borders, the pressure drops significantly. The pressure drop near the borders is due to border effects and smaller attenuation length means weaker border effects.
During the above derivation, we assume that the plate is perforated with circular holes. In fact, square holes are also used in MEMS devices quite often. To include this situation, the air flow passing through a square hole with hole side w can be estimated by the equation (Sharipov 1999 )
So the equivalent inner radius for a square hole is approximated as
The following dimensionless quantities are defined to transform Eq. 9 into dimensionless form
where a and b are half width and half length of the plate, respectively,r ¼
is the initial gap between the two nearby plates, x is operating frequency in radians per second, r is the squeeze number and t is the time. Then Eq. 9 becomes
with corresponding boundary conditions
For MEMS devices, the vibrating amplitude is always much smaller than the air gap, and the pressure difference is much smaller than the ambient pressure. So the dimensionless pressure difference and amplitude can be approximated as
" P and e are both infinitesimal compared to 1. To the lower order in " P and e, Eq. 14 becomes the linearized form as
In the case of simple harmonic vibration, we have
where e 0 is the dimensionless amplitude. Equation 17 then becomes
with boundary conditions
If dimensionless pressure difference " P 0 is obtained, dimensionless force F caused by squeeze-film effects can be expressed as
The force, F, can be written as (F = F R + jF I ), where F R is the spring force and F I is the damping force. Hence, the stiffness and the damping added to the system by squeeze-film effects can be written as
So in the following sections, we just give particular attention and discussions to the dimensionless pressure difference " P 0 :
3 Theoretical analysis
One-dimensional perforated plate
Here a one-dimensional rectangular perforated plate is first considered to reveal the characteristics of pressure distributions. The plate length is far larger than the width (2b ) 2a as shown in Fig. 1 ), so the pressure caused by squeeze-film effects can be thought as a function of X. Then Eq. 19 is
Using boundary condition of Y 1 (± 1) = e 0 , the solution of Eq. 23 is found to be
where
and
The real part, " P 1 ðXÞ S ; is the spring pressure and the imaginary part, " P 1 ðXÞ D ; is the damping pressure. When operating frequency is low or the value of L is high, the value of squeeze number is much smaller than the value of L and the air being compressed under the plate is little. By using the conditionr ¼ r L 2 ! 0; spring pressure, " P 1 X ð Þ S ; tends to be zero and damping pressure, " P 1 X ð Þ D ; can be simplified as
Equation 28 is just the dimensionless form of the expression by Bao et al. (2003) which didn't consider the air compressibility. Comparing Eqs. 26, 28, it is found that in the case of air incompressibility, damping pressure is proportional to operating frequency, which can be expressed as " P D / f : So damping pressure increases as operating frequency growing at all times. But in the case of air compressibility, the relation between damping pressure and operating frequency is not that simple. In the following, for a perforated plate with the same value of L (L = 5) but different vibrating frequencies, investigations are made on the distributions of spring and damping pressure in the cases of air incompressibility and compressibility, respectively.
From Figs. 2, 3, it can be found that (1) for low operating frequency, the discrepancy between the cases of air incompressibility and compressibility is small, but becomes larger for higher operating frequency; (2) spring pressure increases rapidly as operating frequency growing, and becomes comparable with damping pressure for high operating frequency.
Since L is a comprehensive and important dimensionless quantity in MRE, which includes the information of the perforated plate and the air gap. In the following, with the same operating frequency, we will investigate the influence of L on the squeeze-film caused pressure. From Figs. 4 , 5, it can be found that (1) spring pressure increases slowly and becomes significant as the value of L decreasing; (2) in the case of air incompressibility, damping pressure always increases as the value of L decreasing; (3) in contrast, in the case of air compressibility, damping pressure increases first, but drops in some area later as the value of L decreasing.
Two-dimensional perforated plate
Now a two-dimensional rectangular perforated plate is considered. The plate width is comparable with the length, thus the pressure caused by squeeze-film effects is a function of not only X but also Y. Then Eq. 19 is By adding a modified term to the one-dimensional solution, the two-dimensional solution can be written as (Myint 1973)
Substituting Eq. 30 into Eq. 29 and using boundary conditions, the equivalent form of Eq. 29 is
By separating variables and eigenfunction expansion methods, the solution of Eq. 31 is found to be
and 
The pressure caused by squeeze-film effects of twodimensional perforated plate is
So the spring force F S and damping force F D are, respectively,
n¼1;3;5;:::
X 1 n¼1;3;5;:::
For low operating frequency or high value of L, using the condition r L 2 ; r L 0 2 ! 0; spring force F S tends to be zero and damping force F D can be simplified to the dimensionless form of the expression by Bao et al. (2003) exactly.
Comparisons between theoretical analysis and ANSYS simulation
According to the Table 1 by Mohite et al. (2005) and for the comparisons between different analytical results and ANSYS simulation results, a typical onedimensional rectangular perforated plate with square holes is considered. The plate thickness h = 5 lm and the initial air gap d 0 = 1 lm. The ratio of inner side to outer side of the divided pressure cell is set to be constant. Figure 6 shows the comparisons between analytical results and the results by ANSYS simulation. The marks show the simulation results. The broken lines and the solid lines show the analytical results by Bao and by this paper, respectively.
Seen from Fig. 6 , it is apparent that the analytical results without considering air compressibility overestimate damping effect. The analytical results by this paper agree with ANSYS simulation results better than that by Bao. However, for high operating frequency and high value of L, discrepancy between the analytical results by this paper and the simulation results becomes larger and even intolerable. So it is necessary to have analysis and give reasons for the large existing discrepancy. Besides the reasons mentioned in previous paper by Bao et al., some other possible reasons are: (1) while deriving the average penetrating rate, the expression of the horizontal air flow causing pressure difference, p h , for one pressure cell is not very accurate when operating frequency is high; (2) for higher operating frequency, inertial effects become significant, and the pressure caused by squeeze-film effects is no longer infinitesimal compared to the ambient pressure. So inertial effects neglecting and the linearization to MRE are not very strict; (3) high value of L means large holes for a fixed plate, so the assumption, which is made while dividing the plate into cells that the cell is much smaller than the plate is not very reasonable.
Besides comparisons between analytical results and ANSYS simulation results for damping pressure, comparisons for spring pressure are also made. It is found that ANSYS simulation results are a little smaller but still agree well with the analytical results for moderate operating frequency and low value of L.
Conclusions
Squeeze-film effects of perforated plates for low value of Reynolds number are analyzed through MRE, which reckons in most influential factors. It is found that the assumption that air is incompressible is no longer reasonable for high operating frequency and low value of L. And the reasons are not only because of the rapid growing spring pressure but also because of the considerable discrepancy between the cases of air incompressibility and compressibility for damping pressure. For the case of air incompressibility, damping pressure always increases as operating frequency increasing or the value of L decreasing, but in the case of air compressibility, damping pressure increases first and then drops in some area later. So for low value of L and high operating frequency, air compressibility should be considered.
By comparisons, the analytical results agree well with ANSYS simulation results. So the analytical analysis by this paper can be used to estimate the squeeze-film causing damping and stiffness added to the system. However, for more accurate analysis, a model considering inertial effects, nonlinear effects caused by large vibrating amplitude, and even slip velocity conditions at plates' boundaries has to be developed.
